Abstract: Since Gerchberg-Saxton algorithm was developed, it has been applied in various fields, e.g., optical display and optical tweezers. In this paper, three-dimensional (3D) Gerchberg-Saxton optical correlation is proposed. A 2D image is divided into particle-like points placed in 3D space, which are simultaneously encoded into the cascaded phase masks by using a modified Gerchberg-Saxton algorithm. The extracted phase masks can be flexibly compressed, and the decoded images can be verified via optical correlation. It is also illustrated that high security and high flexibility can be achieved by using the proposed 3D Gerchberg-Saxton correlation method. The proposed 3D Gerchberg-Saxton algorithm can provide a new and significant insight on optical correlation.
Introduction
Gerchberg-Saxton algorithm [1] has become an interesting phase retrieval method for various fields [2] - [5] , such as optical display, light shaping and tweezers. However, conventional GerchbergSaxton algorithm [1] is limited by a priori knowledge about the test sample, and it is also concerned that the convergence rate is slow. Subsequently, a number of its derivatives [2] - [7] , such as error reduction method, input-output method and oversampling, are continuously developed to resolve the problems.
The Gerchberg-Saxton algorithm has also been applied as one of the most useful techniques for the generation of phase-only holograms [8] . Since the generated hologram could be flexibly controlled by a device nowadays, optical approaches can be easily carried out. Due to this remarkable characteristic, Gerchberg-Saxton algorithm has also been further explored for optical security [9] , [10] . An image can be encoded into phase patterns (or called computer-generated holograms) by using an iterative approach, and the decoding process can be conducted by using an optical or digital approach [9] , [10] . However, conventional optical security approaches using Gerchberg-Saxton algorithm [9] , [10] are limited to 2D space, and system security is constrained. Most established optical security systems [11] - [21] are focused on the development of encoding and decoding techniques, and optical authentication strategy [22] further provides an approach to establishing an Fig. 1. (a) A schematic to illustrate the generation of particle-like points in 3D space [20] , [23] , [24] , and (b) a schematic for 3D Gerchberg-Saxton correlation: M, phase mask which can be embedded into spatial light modulator in practice; d and z, axial distances. Integer i is 1, 2, 3, . . . ., P. For optical decoding, a CCD camera can be used to replace the input image plane, and is axially translated to record a series of intensity patterns.
additional security layer. However, conventional optical security systems using Gerchberg-Saxton algorithm do not use optical correlation in 3D space for security enhancement.
In this paper, 3D Gerchberg-Saxton optical correlation is proposed. A 2D image is divided into particle-like points placed in 3D space, which are simultaneously encoded into the cascaded phaseonly masks by using a modified Gerchberg-Saxton algorithm. The extracted phase-only masks are flexibly compressed, and the decoded images can be verified via optical correlation. The results demonstrate that the security achieved in 3D Gerchberg-Saxton correlation approach is high, and high flexibility can also be achieved.
Principles
A schematic for 3D Gerchberg-Saxton correlation approach is illustrated in Fig. 1(a) and (b) . The input image with 512 × 512 pixels is divided into a series of particle-like points, and neighboring pixels of the input image, such as 16 × 16 pixels, are combined and generated as a particle-like point [20] , [23] , [24] as illustrated in Fig. 1(a) and (b). The generated particle-like points are placed in different axial positions to establish a 3D space for the encoding.
For the sake of brevity, all particle-like points are encoded into only two cascaded phase-only masks M1 and M2, and it is straightforward to generate a different number of cascaded phase-only masks in practice. The encoding process is described as follows: 1) Initially, random patterns are generated, i.e., for M1 and M2. Here, M
2 (ξ, η) are used to respectively represent M1 and M2, where i denotes particle-like point index (i = 1, 2, . . . , P ), and n denotes iteration number (n = 1, 2, . . . , N ). At the initial iteration, i and n are set as 1. The propagation process between M1 and M2 can be illustrated as follows:
where d represents the distance, O (ξ, η) denotes complex-valued wavefront just before phase-only mask M2, and FSP denotes free-space wave propagation [25] .
2) Wave propagate forward to generate O (μ (i ) , ν (i ) ) in a specific particle-like point (i.e., i ) plane:
where z (i ) denotes axial distance between the M2 plane and each particle-like point (i.e., i ) plane. 3) In input image plane, support constraint is further used.
where CS denotes the constraint given by [24] 
where I (μ, ν) is desired input image, | | denotes modulus operation, and δ denotes a ratio between the summation of calculated output and the summation of the desired input image within a particlelike point (i.e., i ). Since the 2D input image is divided into a series of particle-like points to be placed at different axial positions, each time only one particle-like point has to be updated as illustrated in (4). 4) Updating M2 and M1:
where FSP −z (i ) and FSP −d denote back-propagation [25] , andM
2 (ξ, η) are the updated M1 and M2, respectively.
All particle-like points are sequentially processed by using (1)- (6), and one iteration is completed only when all particle-like points are used for the update. After all particle-like points are processed, the updated M1 and M2 [i.e.,M
(ξ, η)] are further employed, i.e., replacing n by n + 1. Difference between amplitude maps of two neighboring 2D wavefronts in the input image plane is calculated, i.e.,
}/(512 × 512),whereÔ (n) (μ, ν) denotes 2D complex-valued wavefront obtained by incorporating all particle-like points. After the difference is determined, a threshold is used to judge whether the iteration operation can be stopped. It is worth noting that when a new iteration starts, the particle-like point index i should be initialized as 1. The finally generated phase-only masks M1 and M2 are denoted as M 1 (x, y) and M 2 (ξ, η),respectively. To conduct the correlation without disclosure of input image, the generated phase-only masks can be flexibly compressed, and in this study only the generated phase-only mask M1 [i.e., M 1 (x, y)] is further compressed to illustrate the proposed method. The compressed mask M1 is denoted as M 1 (x, y).
During the decoding,M 1 (x, y) and M 2 (ξ, η) are placed in the optical path, and can be embedded into phase-only spatial light modulators. In the proposed method, axial distances z (i ) are applied as one of principal security keys. Every particle-like point can be sequentially decoded at a specific axial position, and then is determined by using the preset transverse region information. In practice, a CCD camera can be axially translated to record a series of images. Finally, the input image is decoded by incorporating all retrieved particle-like points in the transverse domain, and the decoded input image is denoted asÎ (μ, ν). The decoding process aforementioned could be described bŷ
where denotes a selection operation in the transverse domain, and denotes an incorporation operation in the transverse domain.
Since the decoded image does not render original information, a correlation is carried out for the verification. The correlation process is described by [22] , [26] - [30] where
denotes the generated correlation distribution, and ω is 0.30 in this study. Fig. 2 is further given to illustrate 3D Gerchberg-Saxton correlation approach.
Results and Discussion
The arrangement shown in Fig. 1(b) is numerically carried out to illustrate validity of 3D GerchbergSaxton correlation. The laser wavelength is 632.8 nm. A CCD with 4.65 μm and 512 × 512 pixels can be employed during the decoding. Axial distance d is 10.0 mm, and the series of axial distances z (i ) is randomly distributed in a range of [5.0 mm, 20.0 mm]. Before the encoding, a grayscale input image ("Lena" with 8 bits and 512 × 512 pixels) is divided into particle-like points placed in 3D space as seen in Fig. 1(a) and (b) . The 16 × 16 neighboring pixels of input image are generated as a particle-like point, hence 1024 particle-like points (i.e., P = 1024) are generated. In practice, it is straightforward to combine the smaller or bigger number of neighboring pixels as a particlelike point. In the proposed method, the encoding process is conducted to find M1 and M2 using several support constraints. In practice, the generated M1 and M2 can be displayed in spatial light modulators for the decoding. During optical decoding, when the series of axial positions is available, a CCD camera can be used and axially translated to sequentially record a series of patterns. (a) An image generated by using correct parameters, and (b) the generated correlation map for (a). Fig. 3(a) shows the extracted mask M1 [i.e., M 1 (x, y)], and Fig. 3(b) shows the extracted mask M2 [i.e., M 2 (ξ, η)]. Since the correlation is conducted without observation of input image, the extracted masks can be compressed. Here, only M1 is compressed, and Fig. 3(c) shows a compressed phase mask M1 [i.e.,M 1 (x, y)]. Only 20.0% pixels of Fig. 3(a) are randomly selected and maintained, and others are set as zero. An inset has been given to clearly illustrate the compression operation applied to M1. A relationship between iteration number and the calculated differences is given in Fig. 3(d) . A rapid convergence rate has been achieved. When all parameters are correct, a decoded image is shown in Fig. 4(a) and its corresponding correlation distribution is given in Fig. 4(b) . The peak signal-to-noise ratio (PSNR) is 5.321 for Fig. 4(a) . As seen in Fig. 4(a) and (b) , original inputs cannot be visually observed, and there is only one peak. It is indicated that the receiver holds correct keys, or he/she is an authorized person.
Since 3D space is applied in the proposed method, the decoded image obtained at any section does not render sufficient information for correct correlation. Fig. 5(a), (c) , and (e) show the decoded images, when only an axial distance, i.e., 5.0, 10.0 and 15.0 mm, is respectively applied between the M2 plane and CCD plane. The corresponding correlation maps are shown in Fig. 5(b), (d) , and (f), respectively. It can be observed that noisy map is always produced. This indicates that the receiver is not an authorized person, or does not hold correct security keys. It is also demonstrated that the proposed 3D Gerchberg-Saxton correlation method possesses the higher security compared to previous works [26] . In the proposed method, when the number of sections (or correct axial positions) is closer to the number of generated particle-like points and transverse positions are assumed to be correct, correlation results of the decoded images can be closer to the pre-defined values.
In the proposed system, the series of axial distances z (i ) is used as one of principal security keys. When it is incorrectly applied, a decoded image is given in Fig. 6(a) and its corresponding correlation distribution is illustrated in Fig. 6(b) . Fig. 6(c) shows a decoded image, when the extracted mask M2 is wrong. Its correlation distribution is shown in Fig. 6(d) . A noisy distribution is also generated.
The proposed method also provides high flexibility to modify compression ratio. When only 15.0% pixels of that in Fig. 3(a) are randomly selected and maintained (others are set as zero), a decoded image is given in Fig. 7(a) by using correct parameters. The PSNR value for Fig. 7(a) is 5.318. All other parameters are the same as those used for Fig. 4(a) . The corresponding correlation distribution is shown in Fig. 7(b) . When only 25.0% pixels of that in Fig. 3(a) are selected randomly, a decoded image is shown in Fig. 7(c) . The PSNR value for Fig. 7(c) is 5.324. The corresponding correlation map is shown in Fig. 7(d) . It is illustrated again that input image cannot be visually observed, but the decoded images can be effectively verified.
Discrimination capability of the proposed 3D Gerchberg-Saxton correlation method is further analyzed. When another input image (i.e., "Baboon" with 8 bits and 512 × 512 pixels) is encrypted and parameters used for Fig. 7 (a) are also applied, Fig. 8(a) shows a decoded image using correct parameters. Fig. 8(b) shows a correlation map calculated between that in Fig. 8(a) and original image ("Lena"). Original images could be managed via a database which is not visible to the receiver, and only a platform interface is given [27] . When one more input image (i.e., "Cameraman" with 8 bits and 512 × 512 pixels) is encrypted and parameters used for Fig. 7 (a) are also applied, Fig. 8(c) shows a decoded image obtained by using correct parameters. Fig. 8(d) shows a correlation map calculated between that in Fig. 8(c) and original image ("Lena"). It is observed that noisy correlation maps are generated, and the proposed method possesses high discrimination capability. Many other input images are also studied, and noisy correlation distributions are always generated. When the input image to be tested is similar to original image, we might further pre-define the parameters in the targeted or accurate correlation distributions, such as peak values, peak-to-background ratios, or even peak positions.
The proposed method possesses high flexibility to generate a large key space. For instance, various transform domains and different encoding structures can be applied. The phase mask M2 in Fig. 1(b) could also be applied as one of principal security keys. It is suggested that different series of axial positions can be used to encode different input images. In addition, original images can be stored in a separate database, which should be used for optical correlation. It can also be designed that the interface to database is only available to authorized persons. Hence, the proposed method with proper strategies can fully withstand potential attacks. 
Conclusion
The 3D Gerchberg-Saxton optical correlation method has been proposed in this paper. A 2D image is divided into particle-like points placed in 3D space, which are simultaneously encoded into phase masks. A phase retrieval algorithm has been successfully developed and applied for the encoding in 3D space. A digital approach should be applied for the encoding, and there is a great potential to apply an optical way for the proposed decoding and correlation operations compared to previous works in 3D space. The computational results demonstrate that convergence rate is rapid in the proposed 3D Gerchberg-Saxton algorithm. The results also illustrate that the decoded images can be effectively verified, and high-security correlation is successfully implemented due to 3D space. In addition, high flexibility can also be achieved. The proposed 3D Gerchberg-Saxton algorithm can provide a new and significant insight on optical correlation.
